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Abstract
We begin an investigation of supersymmetric theories based on exceptional groups.
The at directions are most easily parameterized using their correspondence with gauge
invariant polynomials. Symmetries and holomorphy tightly constrain the superpotentials,
but due to multiple gauge invariants other techniques are needed for their full determi-
nation. We give an explicit treatment of G
2
and nd gaugino condensation for N
f
 2,
and an instanton generated superpotential for N
f
= 3. The analogy with SU(N
c
) gauge





= 5 respectively, and a non-Abelian Coulomb phase for N
f
 6. Electric variables suf-
ce to describe this phase over the full range of N
f
. The appendix gives a self-contained
introduction to G
2






Recent exact results have reinvigorated the study of supersymmetric gauge theories.
1
These results follow from applying the powerful constraints of symmetry and holomorphy
of the superpotential. They are interesting for several reasons. First, our understanding of
how nature could be described by a theory with spontaneously broken supersymmetry is
far from complete. A better understanding of such models with dynamical supersymmetry
breaking should yield further insight into this problem. Second, until now the strong-
coupling behavior of non-abelian gauge theories has been poorly understood. The exact
results oer new approaches to connement and other interesting features of the vacua of
these theories. Furthermore, the growing evidence for strong-weak coupling duality sug-
gests the possibility of opening up a completely new window on strongly coupled theories,
through which much more may be learned about their physical properties.
By applying these tools to a variety of theories one hopes to get a better understanding
of their underpinnings and of the dierent phenomena that can occur in supersymmetric
gauge theories. The list of models studied has been growing, and includes the simple
groups SU(N) [2,3], SO(N) [3,4], and SP (2N) [5], with matter in the fundamental, as
well as theories with matter in higher representations [6-12] and product groups[12]. In












Beyond our interest in expanding the knowledge of supersymmetric theories and the
tools used to study them, there are at least two reasons to consider the exceptional groups.
First, the largest exceptional group, E
8





heterotic string. Furthermore, it has been proposed that non-perturbative eects such as
gaugino condensation in one of the E
8
factors[13,14] or the racetrack variants[15] could
be the origin of supersymmetry breaking in string theory. This motivates us to better
understand such strong-coupling phenomena in E
8
and its subgroups, which include the
other exceptional groups. Second, even if string theory does not describe the physical
world, E
6
models have been seriously considered as possible grand unied theories. If
this group appears in nature, it could also conceivably play a role in the supersymmetry
breaking sector.
1
For a recent review with complete references see [1].
1
Study of exceptional groups is more dicult than that of the other simple groups
due to their greater algebraic complexity. In particular, the problem of explicitly param-
eterizing at directions appears formidable. An alternate approach is to use the result
that the at directions correspond to gauge invariant polynomials.
2
One can then use
known results about invariant tensors in the exceptional groups to attempt to construct
all invariant polynomials, and take these as a starting point for the analysis. Even this
problem is dicult; so far we have only managed to explicitly treat G
2
. Nonetheless, this
or other closely related approaches based on investigating the decomposition of these mod-
els under maximal subgroups should in principle yield an exact treatment of the remaining
exceptional groups.
We begin the next section by investigating some generic features of exceptional groups.
We give a brief discussion of the problem of parameterizing vacua, then use symmetries to
nd general constraints on the form of the superpotential. Unfortunately it appears that
symmetry arguments alone are not sucient to determine the superpotential. We then
investigate the possible emergence of a non-abelian Coulomb phase for certain values of
N
f
, the number of avors.
In section two we give a detailed analysis of the group G
2
. We are able to deduce
the form of the superpotential for N
f
 3 by using knowledge of the invariant polyno-
mials, symmetry constraints, and the technique of \integrating in[18]." We nd gaugino
condensation at N
f
 2 and an instanton generated superpotential at N
f
= 3. As in the
case of SU(N), we also nd a modied quantum moduli space for N
f
= 4 and a quantum
moduli space equivalent to the classical one at N
f
= 5. We then argue that for N
f
 6
the theory should have a non-abelian Coulomb phase as its infrared description. A minor
novelty is that the \electric" description should be valid all the way down to N
f
= 6: there
is no domain where a magnetic description is mandatory to describe the dynamics. This
is fortunate, since we have not yet been able to deduce the dual magnetic theory.
The appendix contains a more or less self-contained treatment of G
2
. We explicitly
construct this group in a way that its maximal SU(3) subgroup is manifest by treating it
as the subgroup of SO(7) that leaves a real spinor invariant. From this construction we
derive the invariant tensors and the relations among them.
Upon completion of this work, we received [19], which arrives at many of the same




This result has long been implicit in the literature; recent proofs of it are [16,17].
2
2. General results in exceptional models
In this section we will make some general observations on models based on exceptional
groups, with matter \quark" elds Q
i

in the dening, or fundamental, representation.
Here greek indices are group indices and latin indices label avors. Dimensions of these
representations[20] are shown in table I. With the exception of E
6
the representations are







. In the case of E
8
, the adjoint
























































Study of these theories requires a parameterization of their D-at directions, that is,



















are the group generators. Although explicit parameterizations of these can
be given for the non-exceptional groups [21,4,5], the complicated algebraic structure of
the exceptional groups makes them more challenging. Alternatives are to decompose the
exceptional groups into non-exceptional subgroups, or to use the fact [16,17] that at
directions can be parametrized by the gauge invariant polynomials in the quark elds. In
this paper we adopt the latter approach.
To form these polynomials we need the invariant tensors in the fundamental represen-













, which are invariant in
all cases, the exceptional groups have either fully symmetric primitive tensors, denoted by
d's in table I, or totally antisymmetric primitives, denoted by f 's in table I.
ForE
8
, with quarks in the adjoint, the invariant tensors are not explicitly known. Two
of them are 
AB
and the structure constants c
ABC
. There are also independent Casimirs
at orders 8, 12, 14, 18, 20, 24, and 30, which can be used to form invariants[23].
To nd all gauge invariants, we must construct all independent contracted products of
these tensors. There are a nite number of independent combinations due to the existence
of relations among products of the primitive tensors. Some of these are given in [22],
although the complete set of these identities is apparently in general not known.
For example, inE
6













































































can be used to reduce many of the higher products. In the appendix we will discuss the
analogous problem for G
2
in detail.
Note that, with the exception of G
2
, even the one avor case always has more than one
















, etc. in E
6
. These invariants
parameterize the dierent subgroups to which the quark vevs may break the original group.
For example, the 27 can break E
6
to the distinct maximal subgroups SO(10) and F
4
.
Although we will not give a full treatment of the supersymmetric theory for arbitrary
exceptional groups here, some general features of these theories can be deduced from
symmetries. In the next section we will explicitly treat the group G
2
, and in that case ll
in more of the details.
With N
f



































). In the E
6


















































), as well as U(1)
X






































These can be used to constrain the form of the superpotential as with other groups.





















where  is the UV cuto. Therefore we can treat U(1)
A






































































However, this together with the SU(N
f
) symmetry is in general not sucient to uniquely
x the potential since there can be more than one invariant with the correct symmetries.
G
2
will furnish an explicit example of this in the next section.


























= 3. In the other cases where the superpotential
is not instanton generated, we should nonetheless be able to deduce its form by relating
theories using 1) integrating out/in heavy quarks, which changes the number of avors,
and 2) allowing quarks to get large vevs, which changes the size of the group through the
Higgs eect. One might for example be able to use these techniques to relate the E
8
theory
without matter to other theories with matter elds in the adjoint [6-12] and thus prove
gaugino condensation in E
8
theories.
Parallelling the analysis of the non-exceptional groups, notable theories are those


















As in other theories, it is natural to conjecture the existence of an interacting non-







































+    (2:16)







cancellation of one-and two-loop
terms appears possible. If there is such a xed point, described by a superconformal theory,





where R is the R charge of the operator. Gauge invariant meson operators can be formed














This value agrees with that given by  + 2, if one assumes vanishing of the -function
(2.15).
The unitarity constraint D(QQ)  1 tells us where this hypothesized \electric" de-











At this value the meson is a free eld.
In non-exceptional theories, in a range below this N
f
magnetic variables are conjec-
tured [3] to be necessary to describe the IR dynamics. However, the analogous range may
not necessarily exist for exceptional groups. In the next section, we'll see that for G
2
a











), and should give the lower bound










= 6 also corresponds to the lower bound on the electric description. There is no
range where magnetic variables furnish the only possible IR description.
















here the superpotential must vanish and one anticipates a quantum moduli space dierent
from the classical one. (We will show this for G
2
.) Taking the potentially dangerous step
of pushing the analogy further, in each case the lower bound or the magnetic description




























and this exceeds (2.19) for all exceptional groups. Thus an electric description may be
sucient in each case.
Nonetheless, a magnetic description could add useful insight into the dynamics of
these theories. Even for G
2
we have not yet found this description. Some clues exist; for
7
example in all simple non-exceptional groups the theory is self dual at the value of N
f
for
which an added adjoint matter eld yields a vanishing -function. For exceptional groups,









We will make further comments on the G
2




The example we consider is an N=1 supersymmetric G
2
gauge theory with N
f
avors
of quarks in the fundamental 7 representation. Using the techniques developed in [2],[27]
we obtain exact results in the quantum theory. We recover features which are similar






) gauge theories with matter in the
fundamental representation. This is further evidence of a set of properties generic to N=1
supersymmetric gauge theories.





= 3 respectively, with no ground state in the massless limit. For N
f
= 4
there is a moduli space of inequivalent vacua which is smoothed out in the quantum theory
by a one instanton eect. For N
f
= 5 the classical and quantum moduli space are the
same and there is connement without chiral symmetry breaking at the origin. For N
f
6,
we expect a nonabelian Coulomb phase to describe the infrared physics.
3.1. Gauge invariant elds
As discussed in the preceding section, the light degrees of freedom on the moduli space
can be labeled by the G
2
gauge invariant polynomials of the fundamental quarks subject
to possible constraints. As shown in the appendix, these polynomials can be constructed







































































































3.2. Gaugino condensation for N
f
2






, B and F vanish for N
f
2 and the only
light elds are the M
ij
. In addition to holomorphy, U(1)
R
symmetry and dimensional
analysis, which constrain the form of the superpotential to (2.11), invariance under the
SU(N
f



















This is exact; the normalization of 
N
f
has been adjusted to set threshold corrections to
unity [27]. G
2
has a maximal SU(3) subgroup under which 7!3+

3+1 (see appendix).

















= 1 or 2, gluino condensation will occur [2] in the sector with the unbroken pure
SU(4 N
f










Matching the couplings at the G
2
breaking scale v = (detM)
1=2N
f























is the coecient of the dynamically generated F-term [21] we see that
gluino condensation leads to a term of the same form as (3.2). Therefore supersymmetry
























































The symmetries ensure that (3.6) generalizes to higher values of N
f
when B = F = 0.
For m
ij
6=0 there are four dierent supersymmetric ground states. Notice[26] that this
disagrees with the Born-Oppenheimer calculation of the Witten index which would give
three.
9
































. Holomorphy, symmetries and dimensions restrict the

















has the right quantum numbers we expect that it is instanton generated along
the at directions where the gauge symmetry is completely broken. However it seems that
the form of f(x) cannot be deduced purely from symmetry arguments. The exact form can





the \upstairs" theory and N
f
= 2 as the \downstairs" theory. The dynamically generated











Since the upstairs theory contains a non-quadratic gauge invariant there may be additional




. By turning on a tree level




















are the mesons constructed from the remaining quarks. W

is determined by























and the limits W

!0 for m!1 and 
2















































By combining results (3.8), (3.10), and (3.14), W
u


































is the dynamically generated superpotential for N
f
= 3. This theory has no ground state







The singularity at detM = B
2
is due to extra massless gluinos at points where some
of the gauge symmetry is unbroken. Although the generic breaking sequence was given in
(3.3), at N
f
= 3 there are also non-trivial at directions which leave an SU(2) subgroup





























Along these at directions one can easily check detM = B
2
is satised.



































































which can be seen as a consequence of (A.20) and the Bose symmetry of the quark elds.
The expectation value detM = 
8
4
from (3.6) implies that the classical constraint is mod-













and the singularities are smoothed out by a one instanton eect. The symmetries do not
allow a dynamically generated superpotential, hence there is a moduli space of inequivalent








These results can be independently derived by taking the N
f
= 3 case as the down-
stairs theory and integrating in a new avor. From (3.16) we have the dynamically gener-




































































for the downstairs theory (I,J = 1,...,3). Taking W










and performing the inverse Legendre transformation on the full superpo-

























= 0 for the dynamically generated


















= 0 lead to the quantum constraint (3.20).
The N
f






















, the results for N
f
< 4, (3.16), (3.2) can recovered by integrating out one
or more massive quarks.
3.5. Quantum moduli space for N
f
= 5









































































































The classical constraints are satised in the m!0 limit, therefore the moduli space of the
massless quantum theory is that same as the classical theory.
At the origin it appears that the SU(5)U(1)
R
chiral symmetry remains unbroken and






are massless. The 't Hooft anomaly matching



































































































































where the constant coecients have been chosen so that the constraint (3.27) arises from













































These can also be derived from the identities in the appendix (and x the coecient in the







out the massive elds we nd the quantum constraint (3.28) as the equation of motion.






, by integrating out the one massive eld we recover the
results (3.20), (3.25) of the N
f
= 4 theory from the equations of motion. Similarly the
results for N
f
< 4 can be recovered by giving masses to more of the elds.
3.6. Non-abelian Coulomb phase for N
f
6
The analysis of G
2
has closely paralleled that of SU(N
c
), so it's not unreasonable
to expect that for N
f







). Indeed, the arguments of [3] show that such a phase should exist for
N
f






  2 remaining avors. This theory is not asymptotically free for (N
f
  2)6,
implying the existence of a non-Abelian Coulomb phase.
As suggested in section one, it is not unreasonable to expect this non-Abelian electric
phase to extend down to N
f
= 6, where the meson eld would have dimension one and
become free, as in SU(N
c
).
Notice that the coincidence between the lower bound on the electric description and
the lower bound on the non-Abelian Coulomb phase means that a dual magnetic theory
is not necessary to describe the dynamics. However, the ubiquity of such theories suggests
one should be sought here as well.
A standard procedure is to identify the duals of the baryons with the baryons of the
dual theory. An added complication here is the existence of the two types of baryons, B
and F . The R-charge assignments for dual quarks appear to be simplest if F is taken
to correspond to the baryon in the dual theory, but one is then faced with identifying
B in the dual. The diculty of interpreting this as a fundamental eld suggests either
a more complicated group structure or the necessity for elds transforming in dierent
representations. Indeed, the fact that G
2
can be gotten from SO(7) through breaking by
a spinor 8 vev suggests that a promising route is to investigate the dual of SO(N) theories
with both fundamentals and spinors. A reasonable conjecture is that the dual theories are
given by SO(N)'s with both fundamental and spinor elds.
4. Conclusion
Using the result that at directions are parametrized by gauge-invariant polynomials,
one may extend the exact treatment of supersymmetric gauge theories to the exceptional
groups. Symmetries and holomorphy provide stringent constraints on the superpotential,
but are not sucient to fully determine it as there are multiple invariants that can be
formed with the correct transformation properties. Nonetheless, other techniques such
as \integrating in" can be used to obtain the superpotential. A necessary rst step is
to determine the algebraically independent gauge-invariant polynomials, and this requires
knowledge of the group's invariant tensors and of the relations among them.
This approach has been explicitly used for the group G
2
. Gluino condensation was
found for N
f
 2, and an instanton generated superpotential for N
f
= 3. At higher N
f
the theory also parallels the SU(N
c
) case: there is a modied quantum moduli space at
15
Nf
= 4, a moduli space equivalent to the classical one at N
f
= 5, and apparently a non-
abelian Coulomb phase for N
f
 6. The dual magnetic description has not been found,
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Appendix A.
In this Appendix we will give a self contained derivation of features of G
2
that are
needed in the main body of the text. A useful reference is [28].




can be obtained from SO(7) as the subgroup leaving a real spinor, the 8, invariant.
We will use this fact to give an explicit construction of G
2
that also manifests the maximal
SU(3) subgroup.
We begin with a Majorana representation for the Dirac matrices of SO(7); one explicit













































are the usual Pauli matrices and  = i
2
























and to rename  =  
7
.


















g = f; 
a
g = 0 ; 
2
=  1 : (A.1)
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's behave like fermion creation and
annihilation operators, and we can always nd a spinor  satisfying

a
 = 0; (A.2)
corresponding to the Fock vacuum. This also implies
i =  ; (A.3)





is the little group leaving a real spinor  invariant. This subgroup is most easily
investigated by rotating  into the form






















































































The fourteen real combinations of these fourteen matrices generate G
2
.
The SU(3) subgroup is easily exhibited. First choose a basis for the 7 dimensional





 ; : (A.10)
These give a basis for the 7 of G
2





























where  are 33 generators of SU(3). Thus these generators give the SU(3) subgroup,
and the decomposition 7 = 3+

3+1 is manifest. One can also easily work out the explicit
matrix representations of the remaining 6 generators (A.9) of G
2
.
A.2. Invariants of G
2
As shown in table I, G
2
has a fully antisymmetric invariant f

. this can easily be














One cannot form lower G
2
























 are trivially duals of
the lower invariants.
At rst sight it would appear that there are many other invariants that can be con-









by contracting products. However, the
primitives satisfy a number of relations that restrict the number of possible invariants. A


































From this one can show that the totally antisymmetrized product of two f 's is equivalent











where on the left we antisymmetrize on  and on the right
~











































































also follows, and shows that any higher product is not independent.






must be proportional to 









= 7  6

















can be taken to be the only independent
invariants. Other invariant tensors can always be reduced to products of these.
The identity (A.17) can be used to prove identities relating mesons and baryons.









































































































In subsequent formulas the height of indices is only signicant for its convenience.
19
This can be simplied into a formmore useful for proving proving the constraints in Section
3. Using two relations derived from the triple identity (by contracting it with an f

on






































































































































This identity implies the constraints (3.19), (3.27) relating mesons and baryons.
20
References
[1] N. Seiberg, \The power of duality { exact results in 4D SUSY eld theory," Rut-
gers/IAS preprint RU-95-37=IASSNS-HEP-95/46, hep-th/9506077, to appear in the
proceedings of PASCOS 95 and of the Oskar Klein lectures.
[2] N. Seiberg, \Exact results on the space of vacua of four dimensional SUSY gauge
theories," hep-th/9402044, Phys. Rev. D49 (1994) 6857.
[3] N. Seiberg, \Electric - magnetic duality in supersymmetric nonabelian gauge theories,"
hep-th/9411149, Nucl.Phys. B435 (1995) 129.
[4] K. Intriligator and N. Seiberg, \Duality, monopoles, dyons, connement and oblique
connement in supersymmetric SO(N
c
) gauge theories," Rutgers preprint RU-95-03,
hep-th/9503179, to appear in Nucl. Phys. B.
[5] K. Intriligator and P Pouliot, \Exact superpotentials, quantum vacua and duality in
supersymmetric SP(N
c
) gauge theories," Rutgers preprint RU-95-23, hep-th/9505006.
[6] D. Kutasov, \A comment on duality in N=1 supersymmetric non-abelian gauge the-
ories," EFI{95{11, hep-th/9503086.
[7] D. Kutasov and A. Schwimmer, \On duality in supersymmetric Yang-Mills theory,"
EFI{95{20, WIS/4/95, hep-th/9505004.





) Gauge Theories," RU{95{27, hep-th/9505051, to appear in Nucl. Phys. B.





Gauge Theories with Adjoint Matter," RU{95{30, hep-th/9505088.
[10] O. Aharony, J. Sonnenschein, and S. Yankielowicz, \Flows and duality symmetries
in N=1 supersymmetric gauge theories," TAUP{2246{95, CERN-TH/95{91, hep-
th/9504113.
[11] M. Berkooz, \The dual of supersymmetric SU(2k) with an antisymmetric tensor and
composite dualities," RU-95-20, hep-th/9505088.
[12] K. Intriligator, R.G. Leigh, and M.J. Strassler, \New examples of duality in chiral and
non-chiral supersymmetric gauge theories," RU-95-38, hep-th/9506148
[13] J.P. Derendinger, L.E. Ibanez, H.P. Nilles, \On the low-energy D = 4, N=1 super-
gravity theory extracted from the D = 10, N=1 superstring," Phys.Lett. 155B (1985)
65.
[14] M. Dine, R. Rohm, N. Seiberg, E. Witten, \Gluino condensation in superstring mod-
els," Phys.Lett. 156B (1985) 55.
[15] L. Dixon, V. Kaplunovsky, J. Louis, and M. Peskin, unpublished;
reported in L. Dixon, \Supersymmetry breaking in string theory," In The Rice meet-
ing: proceedings, proceedings of the 1990 APS DPF Conference, Houston TX Jan 3-6,
1990, B. Bonner and H. Miettinen, eds. (World Scientic 1990).
21
[16] J. March-Russell, private communication.
[17] M.A. Luty and W. Taylor IV, \Varieties of vacua in classical supersymmetric gauge
theories," MIT preprint MIT-CTP-2440, hep-th/9506098.
[18] K. Intriligator, \ `Integrating in' and exact superpotentials in 4-d," hep-th/9407106,
Phys.Lett. B336 (1994) 409.




[20] R. Slansky, \Group theory for unied model building," Phys. Rep. 79 (1981) 1.
[21] I. Aeck, M. Dine, and N. Seiberg, \Dynamical supersymmetry breaking in super-
symmetric QCD," Nucl.Phys. B241 (1984) 493;
\Dynamical supersymmetry breaking in four-dimensions and its phenomenological
implications," Nucl.Phys. B256 (1985) 557.
[22] P. Cvitanovic, \Group theory for Feynman diagrams in non-abelian gauge theories,"
Phys. Rev. D14 (1976) 1536.
[23] G. Racah, Lincei Rend. Sci. Fis. Mat. Nat. 8 (1950) 108.
[24] T.W. Kephart and M.T. Vaughn, \Tensor methods for the exceptional group E
6
,"
Ann. Phys. 145 (1983) 162.
[25] V. Novikov, M. Shifman, M. Voloshin, and V. Zakharov, \Exact Gell-Mann-Low func-
tion of supersymmetric Yang-Mills theories from instanton calculus,"Nucl.Phys.B229
(1983) 381;
M.A. Shifman and A.I. Vainshtein, \Solution of the anomaly puzzle in SUSY gauge
theories and the Wilson operator expansion," Nucl.Phys. B277 (1986) 456.
[26] S. Cordes and M. Dine, \Chiral symmetry breaking in supersymmetric O(N) gauge
theories," Nucl.Phys. B273 (1986) 581.
[27] K. Intriligator, R.G. Leigh, and N. Seiberg, \Exact superpotentials in four dimen-
sions," hep-th/9403198, Phys. Rev. D50 (1994) 1092.
[28] R.E. Behrends, J. Dreitlein, C. Fronsdal, and W. Lee, \Simple groups and strong
interaction symmetries," Rev. Mod. Phys. 34 (1962) 1.
22
